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Abstract 
Markets with increasing returns resulting from the positive external effects of pro-
duction (hereafter external increasing returns) have been discussed from both posi-
tive and normative points of view. We present a complete general equilibrium model 
in which external increasing returns prevail within industries to produce differen-
tiated commodities which are represented by real valued functions. Firms in an in-
dustry produce the commodity characteristics which are values of each commodity 
function. This formulation of differentiated commodities causes the equilibrium to 
be characterized as the solution of a variational problem. In order to answer this 
mathematically formidable question, we utilize the delta function of Dirac for the 
calculus of variations to be done in an elementary way. To our knowledge, this is the 
first time the delta function appears in economic analysis. 
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1. Introduction 

In this paper, we analyze a market in which there are increasing returns resulting from 
a positive external effect of production. We present this idea formally, in a mathema- 
tically rigorous manner, in the following section. By increasing returns, we mean the 
increase in each firm’s productivity resulting from the investments of all firms in the 
market. The theory of increasing returns in this sense was initiated by Alfred Marshall 
[1] with the following rather mysterious descriptions.  

We may divide the economies arising from an increase in the scale of production 
of any kind of goods, into two classes—firstly, those dependent on the general 
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development of the industry; and secondly, those dependent on the resources of 
the individual houses of business engaged in it, on their organization and the 
efficiency of their management. We may call the former external economies, and 
the latter internal economies (op.cit., Ch. IX, p. 221).  

This ambiguous “definition” immediately invited furious debate about whether these 
increasing returns were compatible with the competitive equilibrium [2]-[7]. These 
discussions further degenerated into confusion. Indeed Chipman [8] reported as 
follows1.  

[The compatibility of increasing returns with perfectly competitive equilibrium] 
was once a lively subject of debate. The debate appears to have petered out in the 
1930’s, with nobody the apparent winner. That this was the outcome seems 
evident from later writings of some of the participants. Thus, Sir Dennis Robertson 
[9] presented in 1957 an account that was substantially unaltered from his 
contribution to the 1930 Symposium on Increasing Returns, supporting the 
compatibility of increasing returns with perfect competition. On the other hand, 
Sir Roy Harrod [10] in 1967 was able to state flatly, without any qualification as to 
whether economies were internal or external, that “Increasing returns can, of 
course only occur if competition is less than perfect”. In the contemporary 
international trade literature, some authors maintain that perfect competition can 
prevail under conditions of increasing returns, provided the economies of scale are 
external to individual firms; whereas others deny the compatibility of economies 
of scale with perfect competition under any circumstances, and with equal 
confidence ... (op.cit., pp. 347-9).  

After the concept of “externalities” in the modern sense was established by Edge- 
worth [11], the debates were finally terminated by Chipman (op.cit.) who provided a 
clear definition of external increasing returns, and showed, using the example of a 
single-consumer economy with Cobb-Douglas utility, that external increasing returns 
were indeed compatible with the competitive equilibria, and even with Pareto optima- 
lity (the welfare formula). 

Young (op.cit.) pointed out that this idea could date back to the division of labor in 
Adam Smith [12]. Young described this as follows:  

The division of labor resulting in the increasing returns was limited by the extent 
of the market, and conversely the extent of the market is in turn enlarged by the 
division of labor.  

Consequently, he wrote:  

the division of labor depends in large part upon the division of labor,  

and added that  

this is more than mere tautology.  

Young claimed that increasing returns were the source of economic growth. This 

 

 

1For details of these debates and their consequences, see also Chipman (op.cit.).  
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observation was supported by Romer [13], who interpreted them as a “knowledge 
spillover”. For example, when one firm succeeds in inventing a new technology or 
innovation, it will not be able to keep it secret or defend it by patent for a long period. 
Eventually, the discovery will be revealed to other firms, and consequently the 
productivity of the entire industry (and eventually the whole economy) will increase. 
Romer also insisted that the original idea dates back at least to Adam Smith.  

The idea that increasing returns are central to the explanation of long-run growth 
is at least as old as Adam Smith's story of the pin factory (op.cit., p. 1004).  

Why is it that both Young and Romer referred to the division of labor in Smith's pin 
factory? How does this relate to external increasing returns? The division of labor also 
increases the productivity of the firm (factory) by dividing tasks and specializing work 
in the production processes. However, each separate task makes no sense in and of 
itself. Although each part of the process is conducted by a single worker (or a group of 
workers), all other parts are interdependent. The division of labor then presupposes 
cooperative relationships between the workers in the factory. External increasing 
returns are then simply a generalization of reciprocity within the factory to the entire 
industry and/or the whole economy. As a result, external increasing returns “expand” 
the entire economy: they increase productivity and the range of commodities available 
to consumers, in addition to ensuring the efficiency of allocations. This is the source of 
economic growth. 

In [14], the single-consumer example in Chipman (op.cit.) was generalized to a 
multi-consumer model which provides a consistent and reasonable model of a market 
with external increasing returns. The basic strategy for proving the existence of 
competitive equilibrium and obtaining the welfare formula for a model with several 
consumers is to characterize the equilibrium as the solution of a constrained social 
optimization problem by applying the ingenious idea of Negishi [15]. As external 
increasing returns arise from the externality, the Pareto optimality of the resulting 
equilibrium is not obvious. According to the  welfare formula (see Theorem 3.3), it is 
indeed possible that equilibrium is optimal. 

The purpose of the present paper is to incorporate differentiated commodities into 
the model of Suzuki (op.cit.); i.e., product diversity, in the sense of Hotelling [16], 
Lancaster [17], and Rosen [18], etc. The economic motivation for this mathematical 
generalization arises directly from the concept of external increasing returns. As already 
stated, (external) increasing returns are a generalization of the division of labor. The 
purpose of the latter is then not only to increase productivity but also to produce more 
varieties of commodities in society as a whole2. Therefore, it is appropriate to incor- 
porate differentiated commodities into a market model to represent a (type of) division 
of labor, rather than to work with models with fixed numbers of finitely many commo- 
dities. 

The optimal solution in Suzuki (op.cit.) was that of an optimization problem of a 
finite dimensional space. Incorporating differentiated commodities into the model, 
however, causes the equilibrium to be characterized as the solution of a variational 

 

 

2Adam Smith (op.cit.) emphasized this.  
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problem. In order to answer this mathematical question in an infinite dimensional 
vector space, we utilize the delta function of Dirac [19] for the calculus of variations to 
be done in an elementary way. To our knowledge, this is the first time the delta 
function appears in economic analysis. 

The remainder of the paper is organized as follows. In Section 2, we present the 
model and define external increasing returns precisely. In Section 3, we present the 
theorems and proofs. Theorem 3.1 (the equilibrium formula) asserts that there exists a 
competitive equilibrium incorporating external increasing returns by constructing the 
equilibrium explicitly. This shows that the market is consistent with increasing returns. 
Similarly, we compute the Pareto optimal allocations (the welfare formula, Theorem 
3.2). This formula enables us to compare the equilibrium and optimal allocations 
(Theorem 3.3). Thanks to the delta function, we do not require any mathematics 
beyond the level of elementary calculus to obtain the formula. In Section 4, we provide 
some remarks. 

2. Economy with External Increasing Returns 
2.1. A Market Model 

There exist two categories of the commodities, the homogeneous input commodity 
(labor) indexed by 0, and the differentiated consumption commodities which are 
determined by their  characteristics indexed by t T∈ . The index set T  is simply a 
subset of the (open) real half-line { }0t t++ = ∈ >  , which will be defined below. 
The amount of the commodity 0 is denoted by 0 0,  x z , etc., and that of the commodity 
characteristic 0t >  by ( ) ( ),x t y t , and so on. Mathematically, a differentiated 
commodity is a function defined on (a subset of) T . Let us call the function a commo- 
dity bundle. Then it has a continuum of coordinates, or the commodity bundle is an 
infinite-dimensional vector. Let ( )T  be the set of commodity bundles. 

The economic interpretation of the differentiated commodities is as follows. When 
two values t T∈  and s T∈  are “close” (in the usual mathematical sense), so are the 
commodity characteristics t  and s  (in the economic sense). In other words, the cha- 
racteristics t  and s  are not exactly the same, but very similar. When each charac- 
teristic contained in two commodity bundles with the same set of the characteristics are 
close, they are similar, or the commodities are “differentiated”. Notice that this inter- 
pretation is impossible for the usual finite-dimensional commodity bundles for which 
the coordinates are necessarily discrete. 

Each commodity characteristic t T∈  is assumed to be produced from the input 
commodity 0 by a firm that is also indexed by t  for convenience (hence, there exist a 
continuum of firms in the economy) using the production function that embodies the  
increasing returns,  

( ) ( )0 , .t t ty t f z ζ=  

tζ  is a parameter that is determined by the market equilibrium. Hence, for firm t , 
the value of tζ  is given by the market and not determined by the firm. The parameter 

tζ  is assumed to be the total input, 0dt sz sζ = ∫ ; therefore, it depends on the amount 
of input used by other firms in the economy (including t ). That is to say, these 
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increasing returns come from (positive) externalities. 
We have to specify the range of the externality to extend. For simplicity, consider a 

finite number of (measurable3) subsets { }1 nT T  of   such that  

{ } { }sup , inf ,j j j j j j j j j k kt s t s T t s t T s T− ∈ < − ∈ ∈  for all , 1j k n=   with j k≠ . 

We set 1
n
j jT T== ∪  and call jT  the industry j . The above condition implies that any 

characteristics in the same industry are closer than those of different industries. 
It is important to distinguish the commodity vectors (bundles) from their charac- 

teristics. The industry j  produces and supplies its own commodity bundles (hence 
there exist n  distinct commodities in the economy) which are functions ( )x ⋅  or 
members of an appropriate function space ( )jT  on jT , and the characteristic 
( )x t  is their value at jt T∈  which is not traded among the consumers. They are 

“intermediate goods” which constitute the commodity j  supplied by the industry j . 
Of course for each *t T∈ , we can consider the commodity bundle ( )*;x t t  which 
contains only the characteristic *t  defined by ( )*; 1x t t =  for *t t=  and ( )*; 0x t t =  
otherwise. But this commodity would not have any economic significance, since its 
market values are always 0, as shown later on4. Functions on jT  can be naturally 
extended to T  setting as 0 outside jT . Then we can write ( ) ( ) ( )1 nT T T= ⊕ ⊕    
(direct sum). 

Chipman, Romer and Suzuki assumes the function tf  to be homogeneous of degree 
1 in 0z , 

(Hom) ( ) ( )0 0, ,t t t t t tf z f zλ ζ λ ζ=  for all 0λ ≥ , 
and it is monotonically increasing in tζ , 
(Mon) ( ) ( )0 0, ,t t t t t tf z f zζ ζ ′≤  whenever t tζ ζ ′≤ . 
Then, by these two conditions, the final output ( )y t  is produced under “increasing 

returns to scale”; namely,  

( ) ( ) ( )0 0 0, , ,   for all  1.t t t t t t t t tf z f z f zλ λζ λ λζ λ ζ λ= ≥ ≥          (2.1) 

As tζ  is a parameter for the firm t , the condition (Hom) implies that firm t  
operates subjectively under constant returns; hence, there exist no problems involved 
with the “internal increasing returns (convex production functions)5.” Furthermore, 
since 0dt sT j

z sζ = ∫  for jt T∈ , the condition (Mon) means that the more inputs in the 
industry j , the more productive the technology of each firm becomes. This is the 
source of the “increasing returns for a whole industry”, and we can interpret it to be a 
kind of reciprocity that is naturally incorporated into the markets. “Naturally 
incorporated into the market” means that the value of the parameter tζ  is determined 
endogenously, not given or postulated from outside of the market. 

There exists m  consumers indexed by ( )1i m=  . Following Chipman (op. cit.), 

 

 

3A measurable set is a set for which its (Lebesgue) measure is well defined. Hence the integral ( )d
Tj

x t t∫  is 

also well defined for any integrable function ( )x t . 
4In order to facilitate this point, we have to treat the commodity bundles as the equivalent classes of functions 
modulo null sets on T . Then ( )*;x t t  is equivalent with the commodity 0, the constant 0 function.  
5For the theoretical problems arising from convex (not concave!) production functions, see Scarf [20] and 
Oddou [21]. Arrow [22] discussed the possibility that a kind of increasing returns exists in a more specific 
model. 
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consumer i ’s utility function takes the log-linear (Cobb-Douglas) form, 

( )( ) ( ) ( )log d , 1 ,i i i iT
u x t s x s s i mβ= =∫                  (2.2) 

where for all t T∈ , ( ) 0i tβ ≥  for each i  and ( )1 0m
ii tβ

=
>∑ , and ( )d 1iT

s sβ =∫ , 
1i m=  . Precisely speaking, this utility function is not a function but a (non-linear)  

functional that is a map assigning a real value to the function ( )x ⋅ . 
It is well known and can be verified easily that for log-linear utility functions, all of 

the standard assumptions such as continuity (in an appropriate sense6), (strong) 
concavity and monotonicity (the more consumption, the higher utility) and so on are 
satisfied. Note that iu  does not include commodity 0 consumption. Hence, the 
consumers do not demand commodity 0; rather, they supply it inelastically for as long 
as they own it. Chipman (op.cit.) observed that this assumption makes formulae very 
clean without losing essence of discussion. We will then follow him. 

We assume that consumer i  is endowed with ( )0iω >  units of commodity 0 as an 
initial endowment, but does not have an initial endowment for commodity t . Set 

1
m

ii ω=Ω = ∑ . 
The market price of commodity 0 is denoted by w , and the price of commodity t  

by ( )p t . Then we can define the competitive equilibrium of this market in the 
standard manner.  

Definition 2.1. An 1m + -tuple of the input and the consumption bundles 
( )( )0 ˆˆ ,t i t T

z x t
∈

, 1i m=  , and the prices ( )( )ˆ ˆ,w p t  are called the competitive equili- 
brium if and only if the following conditions are satisfied. 

(E-1) ( )ˆix t  maximizes ( )iu ⋅  subject to ( ) ( )ˆ ˆdi iT
p s x s s wω≤∫ , 1i m=  ,  

(E-2) ( ) ( )0 0 0 0ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, d , d 0t s t t s tT Tj j
p t f z z s wz p t f z z s wz   − ≤ − =   

   ∫ ∫  for all 0z ≥  and for 

all jt T∈ , 1j n=  ,  

(E-3) ( ) 0 0
1
ˆ ˆ ˆ, dm

i t t si T j
x t f z z s

=
 =  
 

∑ ∫  for all jt T∈ , 1j n=  , and 0ˆ dsT
z s = Ω∫ .   

The economic meanings of these conditions are clear and do not require detailed 
explanations, apart from the production externality. Condition (E-1) is the utility 
maximization condition (under the budget constraint) and condition (E-2) is the profit 
maximization condition. As the firms perceive themselves that they operate under 
constant returns to scale, they earn zero profit in the equilibrium. The first condition of 
(E-3) states that the total amount of the characteristic t  which is consumed is equal to 
what is produced. Recall that the second variable (parameter) of the production 
function is the total input used within each industry jT . These inputs sum to the total  
input of the whole economy 0 0

1 d dn
s sj T Tj

z s z s
=

=∑ ∫ ∫ , and the latter is equal to the total  

endowment of the economy (the resource is not wasted). This is consistent with the 
first condition of (E-3), which states that supply equals demand in the input 
commodity market. 

An important remark on the concept of prices in this economy should be in order. 

 

 

6We have to specify a topology on the space of functions ( )x t  to make the meaning of ``continuity'' ma-
thematically rigorous. We set aside of this problem here, because we do not discuss topologies in the present 
paper. For a precise discussion, see [23]. 
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Strictly speaking, given the price function ( )p t  as in Definition 2.1, the market price 
is a (non-negative) linear functional p  on ( )T  defined by ( ) ( ) ( )d

T
x t p s x s s= ∫p  

for every ( ) ( )x t T∈ . Since the characteristic t  is not traded by consumers, each 
value ( )p t  of the functional is not directly observable for them, or ( )p t  is the  
hedonic price in the sense of Rosen (op.cit). To see this, suppose that the price func- 
tional is strictly positive, ( ) 0p t >  for all t T∈ . If ( )*p t  is observable in the market 
for some *t T∈ , it must be the market value of the commodity ( )*;x t t  defined above. 
However, we have ( ) ( ) ( ) ( )( )* * *; ; d 0 0

T
x t t p s x s t s p t= = ≠ >∫p . This is exactly what 

we stated earlier. Here the industry j  is acting as a fictitious producer “selling” the 
consumption bundle ( ) ( )jx T⋅ ∈  as a final output at the price p  and “buying” 
infinitely many characteristics ( )x t ∈  as inputs at the prices ( )p t . 

Our formulation of the differentiated commodities forces us to present the set of 
firms producing commodity characteristics as a continuum T . On the contrary, the set 
of consumers is a finite set { }1 m . Therefore one might say that the latter should also 
be a continuum. We answer this conceptual question by noticing that our model can 
include a continuum of consumers, following the well known idea (e.g., [24]). Let 

[ ]0,1I =  be the set of consumers which is the unit interval. Define the sets  

( )1iI i m=   by 1
i

i iI a I a
m m
− = ∈ ≤ < 

 
, 1 1i m= − , 1 1m

mI a I a
m
− = ∈ ≤ ≤ 

 
. 

We define the consumption sector of the economy as a “simple map”  

( )( )( ),i i ia u x t ω  for ia I∈  ( 1i m=  ), here we have defined the allocations  

( )ax t  for a I∈  is also as a simple map; ( ) ( )a ix t x t=  for ia I∈ . Then this model 
presenting a continuum economy with “ m  types” of consumers formally coincides 
with the finite economy of the present paper. 

The next example, although economically simple, illustrates the mathematical 
structure of the problem and a technical devise called the delta function for elucidating 
it will be introduced. 

2.2. A Simple Example 

There exists one consumer 1m =  with the utility function  

( )( ) ( ) ( )log d
T

u x t s x s sβ= ∫                       (2.3) 

such that ( ) 0tβ ≥  for all t T∈  and ( )d 1
T

s sβ =∫ . The consumer’s initial endow- 
ment ( )0ω >  is the total endowment (resources) of the economy. Suppose for simpli- 
city that 1n =  so that 1T T=  (there exists only one industry in the economy). 

In order to elucidate the functional calculus in an elementary way, the celebrated 
Dirac’s delta function is used. For any t T∈ , the “function” ( )tδ  on   is defined 
as  

( )
0 for   0

for   0
t

t
t

δ
≠

= +∞ =
                       (2.4) 

and assumed to satisfy ( )d 1s sδ =∫


. From this and the definition, we obtain that 
( ) ( ) ( )d

T
g s t s s g tδ − =∫  for any function ( )g s  (Dirac (op.cit., p.59)). 
Let ( )f x  be a differentiable function. We define  
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( )( )
( )

( ) ( )( ) ( )( ) ( )( ) ( )
0

d
.limd h

f x s f x s h t s f x s
f x s t s

x t h
δ

δ
→

+ − −
′≡ = −      (2.5) 

This is a fundamental mathematical formula that will be used throughout the paper. 
Then we can differentiate ( )( )dT

f x s s∫  with respect to ( )x t ,  

( ) ( )( ) ( )( )
( ) ( )( ) ( ) ( )( )

dd d d d .
d dT T T

f x s
f x s s s f x s t s s f x t

x t x t
δ′ ′= = − =∫ ∫ ∫    (2.6) 

The consumer maximizes the utility function (functional) (2.3) subject to the budget 
constraint ( ) ( )d

T
p s x s s wω=∫ . Mathematically speaking, this requires us to solve a 

constrained variational problem. To this end, we differentiate the constrained Lagran- 
gian with the multiplier µ   

( ) ( ) ( ) ( )( )log d d
T T

s x s s w p s x s sβ µ ω= + −∫ ∫             (2.7) 

in ( )x t  and obtain the first-order condition (FOC)  

( )
( )
( ) ( )d 0.

d
t

p t
x t x t

β
µ= − =

                    (2.8) 

It follows from the FOC that ( ) ( ) ( )d d 0
T T

s s p s x s sβ µ− =∫ ∫ ; hence, 1 wµ ω= . 
Therefore, the demand function for ( )x t  is given by ( ) ( )( ) ( )( )x t t w p tβ ω= . The 
equilibrium relative price ( )ˆ ˆw p t  can be obtained from the firm’s profit condition 
( ) ( )ˆ ˆ1,tp t f wω = . 
The above calculation of equilibrium for the one-consumer economy is straight- 

forward. Our economic problem is to compute the competitive equilibrium for the 
multiconsumer economy. This will be achieved in the next section, using the method of 
Negishi (op.cit.). 

3. Existence and Efficiency of the Equilibrium 
3.1. The Competitive Equilibrium 

Given ( ) [ ]1 0, n
nζ ζ ζ= ∈ Ω , consider the constrained variational problem  

( ) ( )( )
1

:Maximize  subject to
m

i i i
i

P u x tζ α
=
∑  

( ) ( )0 0

1
, , , 1 ,   and   d ,

m

i t t j j sT
i

x t f z t T j n z sζ
=

≤ ∈ = ≤ Ω∑ ∫  

where 1 mα α  are welfare weights of consumers satisfying 0iα ≥  and we normalize 

1 1m
ii α= =∑ . Let ( ){ }1 1mm

i iiγ γ+ =
∆ = ∈ =∑  be the unit simplex. Then α ∈∆ . Notice  

that the normalization of the welfare weights is arbitrary, but each normalization 
determines a price normalization, as we will see later on. The solution of this problem is 
a saddle point of the constrained Lagrangian  

( )( ) ( )( ) ( ) ( )

( ) ( ) ( )

( )

0
,

1

0

1 1

0

, , , log d

  , d

  d ,

m

i t i i iT
i

n m

s s j iT jj i

sT

x t z p t w s x s s

p s f z x s s

w z s

α ζ α β

ζ

=

= =

=

 + − 
 

+ Ω −

∑ ∫

∑ ∑∫

∫



     (3.1) 
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where ( )p t  and w  are the multipliers (a fortiori they will be the equilibrium prices). 
The saddle point is unique by the strict concavity of the utility functional. Let the 

saddle point be ( )( ) ( )( )0ˆ ˆ ˆˆ, , ,i tx t z p t w  which satisfies  

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )0 0 0
, , ,ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ, , , , , , , , ,i t i t i tx t z p t w x t z p t w x t z p t wα ζ α ζ α ζ≤ ≤    (3.2) 

for every ( )( ) ( )( )0, , ,i tx t z p t w . For each α ∈∆ , define a map  
[ ] [ ]: 0, 0,n nΦ ∆× Ω → ∆× Ω ,  

( ) ( )( ) ( ) 0ˆ, , di j i sT j
z sα ζ α  Φ =     

∫                    (3.3) 

where ( )iα α=   is defined by  

( ) ( ){ }
( ) ( ){ }

1

ˆ ˆ ˆmax 0, d
, 1 .

ˆ ˆ ˆmax 0, d

i i iT
i m

i i iT
i

w p s x s s
i m

w p s x s s

α ω
α

α ω
=

+ −
= =

+ −

∫

∑ ∫


           (3.4) 

Note that ( ) ( ){ }1
ˆ ˆ ˆmax 0, d 0m

i i ii T
w p s x s sα ω

=
+ − ≠∑ ∫ , since otherwise we would 

have ( ) ( )ˆ ˆ d 0i i iT
w p s s sα ω ω+ − ≤∫  for all 1i m=  . Then it follows from (3.2) that 

( ) ( )1 1 1
ˆ ˆ ˆ1 d 0m m m

i i ii i iT
p s x s s wα ω

= = =
= ≤ − ≤∑ ∑ ∑∫ , a contradiction. Hence ( )iα α= ∈∆   

is well defined. 
Suppose that there exists a fixed point7 ( ) ( )( )ˆˆ ,i jα ζ  of the map Φ ,  

( ) ( )( ) ( ) 0ˆˆ ˆ ˆ, , d .i j i sT j
z sα ζ α  Φ =     

∫  

We will show that the saddle point ( )( ) ( )( )0ˆ ˆ ˆˆ, , ,i tx t z p t w  associated with the fixed 
point is a competitive equilibrium. We first note that the equilibrium price vector 

( )( )ˆ ˆ,p t w  is strictly positive. Suppose ( )0ˆ 0p t =  for some 0t . Then defining a new 
allocation ( )( )iy t  by ( ) ( )ˆi iy t x t=  for 0t t≠ , ( ) ( )0 0ˆi iy t x t= +   for some 0> , 

( )( ) ( )( ) ( )( ) ( )( )0 0
, ,ˆ ˆ ˆ ˆ ˆˆ, , , , , ,i t i ty t z p t w x t z p t wα ζ α ζ>  , contradicting the first inequality 

of (3.2). ˆ 0w >  can be proved similarly. From the saddle point property (3.2) together 
with the strict positivity of prices, we conclude that the constraints of the problem 
( )P ζ  hold with the exact equalities,  

( ) 0 0 0

1
ˆ ˆ ˆ ˆ, d , , 1 ,  and  d ,

m

i t t s j sT Tji
x t f z z s t T j n z s

=

 = ∈ = = Ω 
 

∑ ∫ ∫  

or the equilibrium condition (E-3) of Definition 2.1 is met. 
Next we claim ˆ 0iα >  for all 1i m=  . If not, ˆ 0lα =  for some l . It follows from 

(3.4) that ( ) ( )ˆ ˆ ˆ0 di iT
w p s x s sω< ≤ ∫ , hence 0>)(ˆ txi . Since α̂ ∈∆ , ˆ 0hα >  for some 

h . Define a new allocation ( )( )iy t  by ( ) 0ly t = ,  

( ) ( ) ( )ˆ ˆh h ly t x t x t= +  and ( ) ( )ˆk ky t x t=  for ,k l h≠ . Then  

( ) ( )0 0
1

ˆ ˆ, d m
s s s iiT

f z z s y s
=

= ∑∫   and  

( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( )

0
ˆˆ ,

1 1

0
ˆˆ ,

ˆ ˆˆ ˆ ˆ ˆˆ, , ,

ˆ ˆˆ( , , , ) ,

m m

i t i i i i i i
i i

i t

x t z p t w u x t u y t

y t z p t w

α ζ

α ζ

α α
= =

= <

=

∑ ∑ 






 

 

 

7We don’t have to prove the existence, since we will compute it explicitly in the following; see Theorem 3.1. 



T. Suzuki   
 

72 

contradicting the first inequality of (3.2). 

Setting ( ) ( )ˆi iα α=  and ( ) 0ˆ dj tT j
z tζ  =  

 ∫  in the FOC's for ,α ζ , we obtain  

( ) ( ) ( ) ( )ˆˆ , ˆ ˆ ˆ 0, 1 , ,i i i
i

t x t p t i m t T
x t
α ζ α β

∂
= − = = ∈

∂



           (3.5) 

( )ˆˆ , 0 0 0
0

ˆ ˆˆ ˆ ˆ, d 0, , 1 .t t s t jT jt

p t f z z s wz t T j n
z
α ζ

∂  = − = ∈ = ∂  ∫ 


          (3.6) 

Since α̂  is a fixed point, it follows from the definition (3.4) that  

( ) ( )( )
( ) ( )( )

1

ˆ ˆ ˆ ˆ d
ˆ , 1 ,

ˆ ˆ ˆ1 d

i i iT
i m

i iT
i

w p s x s s
i m

w p s x s s

α ω
α

ω
=

+ −
= =

+ −

∫

∑ ∫
               (3.7) 

and from this we obtain that  

( ) ( ) ( ) ( )( )
1

ˆˆ ˆ ˆ ˆ ˆ ˆd d , 1 .
m

i i i i iT T
i

w p s x s s w p s x s s i mω α ω
=

− = − =∑∫ ∫         (3.8) 

The conditions ˆ 0iα > , (3.6) and (E-3) imply that the right-hand side of equation 
(3.8) is equal to 0; hence, the budget constraint ( ) ( )ˆ ˆ ˆdi iT

p s x s s wω=∫  follows. Let 
( )ix t  be such that ( ) ( )ˆ ˆdi iT

p s x s s wω≤∫ . Setting ( ) ( )ˆh hx t x t=  for h i≠ , we obtain 
from the first inequality of (3.2)  

( )( ) ( ) ( ) ( )( ) ( ) ( )ˆ ˆˆ ˆ ˆ ˆ ˆd di i i i i i i iT T
u x s p s x s s u x s p s x s sα α− ≤ −∫ ∫  

then  

( )( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )ˆ ˆ ˆˆ ˆ ˆ ˆd log d ,i i i i i i i i i i iT T
u x s u x s p s x s x s s s x s sα α α β≤ + − ≤∫ ∫  

or ( )( ) ( )( )ˆi i i iu x s u x s≤ , hence the equilibrium condition (E-1) is met. Similarly the 
equilibrium condition (E-2) follows from (3.2) and (3.6). 

Integrating (3.5) and using the budget constraint, we have  
ˆ ˆ , 1 .i iw i mα ω= =                          (3.9) 

This is the celebrated Negishi condition (op.cit., p. 97); the welfare weight of a 
consumer is the inverse of his/her marginal utility of income, which is the Lagrangian 
multiplier of the consumer’s maximization problem (see the example of the last 
section). As 1

ˆ 1m
ii α= =∑ , the equilibrium price has been normalized as  

1ˆ .w −= Ω                            (3.10) 

Summing (3.5) over i  with help of (3.6), (3.9) and (E-3), we obtain  

( ) ( ) ( ) ( ) 0 0 0

1 1
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ, d ,

m m

i i i t t s tT ji i
w t p t x t p t f z z s wzβ ω

= =

 = = = 
 

∑ ∑ ∫  

( )0

1
ˆhence , .

m

t i i
i

z t t Tβ ω
=

= ∈∑                    (3.11) 

For convenience, we set ( )0 0 0ˆ ˆ ˆ, dj t t t sT j
z f z z sφ  =  

 ∫ , jt T∈ . Then we have  

( ) ( ) ( )0 0 0 0ˆ ˆˆ ˆ ˆ ˆ , , 1 ,t j t t j t jp t z w z z z t T j nφ φ= = Ω ∈ =            (3.12) 
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( ) ( )

( )
( )0

1

ˆ ˆ , , 1 , 1 .i i
i j t jm

i i
i

t
x t z t T j n i m

t

β ω
φ

β ω
=

 
 
 = ∈ = =
 
 
 
∑

          (3.13) 

Therefore, we have proved  
Theorem 3.1 (Equilibrium Formula) The competitive equilibrium ( ) ( )( )0 ˆ ˆ ˆˆ , , ,t iz x t w p t  

uniquely exists and is given by (3.10), (3.11), (3.12) and (3.13).  

3.2. The Welfare Formula 

In this section, we consider the social optimization problem  

( ) ( )
1

:Maximize log d  subject to
m

i i iT
i

P s x s sα β
=
∑ ∫  

( )0 0

1
( ) , , 1 ,    and     d .

m

i j t j sT
i

x t z t T j n z sφ
=

≤ ∈ = ≤ Ω∑ ∫  

As before, 1 mα α  are the welfare weights of consumers satisfying 0iα ≥  and 

1 1m
ii α= =∑ . The solution8 ( )( )( )0 ,t iz x t  of this problem is a Pareto optimal allocation, 

and it is a saddle point of the constrained Lagrangian  

( )( )( ) ( ) ( )

( ) ( ) ( ) ( )

0

1

0 0

1 1

, log d

  d d ,

m

i t i i iT
i

n m

j s i sT Tjj i

x t z s x s s

s z x s s z s

α α β

µ φ ν

=

= =

=

 + − + Ω− 
 

∑ ∫

∑ ∑∫ ∫



 

where ( )tµ  and ν  are the multipliers. The FOC's for α  are  

( ) ( ) ( ) ( ) 0, 1 , ,i i i
i

t x t t i m t T
x t

α α β µ
∂

= − = = ∈
∂





           (3.14) 

( ) ( )0
0 0, , 1 ,j t j
t

t z t T j n
z
α µ φ ν

∂ ′= − = ∈ =
∂




              (3.15) 

where ( )0 0 0 01, d , dj t t s t t sT Tj j
z f z s f z z sζφ    ′ = + ∂   

   ∫ ∫ . The second term represents the 

externality effect of production. 
The problem is: For which value of iα  should we compare the competitive alloca- 

tion ( )( )( )0 ˆˆ ,t iz x t  and the efficient allocation ( )( )( )0 ,t iz x t ? The answer is obviously 
given by the Negishi condition (3.9). From the normative point of view, this seems to 
be justifiable only when the initial endowments of the consumers are at least nearly 
identical. We will discuss this point further in the next section. 

Setting ˆi wα ω=  in (3.14) and summing over i , we have  

( ) ( ) ( ) ( ) ( )0

1 1
ˆ , , 1 .

m m

i i i j t j
i i

w t t x t t z t T j nβ ω µ µ φ
= =

= = ∈ =∑ ∑ 
         (3.16) 

Substituting this into (3.15), it follows that  

( )
( )
( )

0

0
1

ˆ , , 1 .
m j t

i i j
i j t

z
w t t T j n

z

φ
β ω ν

φ=

 ′
  = ∈ =
 
 

∑






             (3.17) 

 

 

8Remember that the solution is unique.  
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Multiplying 0
tz  with (3.17), integrating over T  and summing over j , we obtain  

( )
( )
( )

0 0
1

0
1 1

ˆ d .
m n j s s

i iT ji j j s

z z
w s s

z

φ
ν β ω

φ
−

= =

 ′
 = Ω
 
 

∑∑∫
 



                 (3.18) 

We define the elasticity ( )0
j tz  of firm t  in industry j  as  

( ) ( )
( )

0 0
0

0
, 1 .j t t

j t j
j t

z z
z t T j n

z

φ

φ

 ′
 = ∈ =
 
 

                   (3.19) 

Then substituting (3.18) and (3.19) into (3.17), we obtain  

( )
( ) ( )

( )
0

0

1 0 1

1 1

, , 1 .
mj t

t i i jm n
i

i i j sT ji j

z
z t t T j n

s z ds
β ω

β ω− =

= =

 
 
 = ∈ =
 Ω 
 

∑
∑∑∫











       (3.20) 

From (3.16) and (3.14), we finally obtain  

( ) ( )

( )
( )0

1

, , 1 .i i
i j s jm

i i
i

t
x t z t T j n

t

β ω
φ

β ω
=

 
 
 = ∈ =
 
 
 
∑

 
                (3.21) 

We have thus proved the following.  
Theorem 3.2 (Welfare Formula) The optimal allocation ( )( )0 ,t iz x t  obeys the 

Formulaes (3.20) and (3.21).  

From Theorems 3.1 and 3.2, we can immediately deduce the next theorem which was, 
for economies with finitely many homogeneous commodities, first stated by Chipman 
(op.cit., p.365) for the case 1m =  with homogeneous commodities.  

Theorem 3.3. Suppose that every consumer has a Cobb-Douglas utility functional 
and the same amount of labor as an endowment. Then, the optimal output (with the 
welfare weights proportional to the endowments) of the t -th product is greater than, 
equal to, or less than the competitive level of output according as the elasticity (at the 
optimum) ( )0

j tz  of the firm t  in the industry j  is greater than, equal to, or less 
than the weighted average of the elasticities of all industries,  

( ) ( )1 0
1 1 dm n

i i j si j T j
s z sβ ω−

= =
Ω ∑ ∑ ∫  . In particular, if all firms’ elasticities are equal to the 

weighted average, the competitive equilibrium is Pareto optimal.  

4. Discussion 
4.1. Formalism of Differentiated Commodities 

Ideas of differentiated commodities similar to that of the present paper date back at 
least to Hotelling (op.cit.). He considered a duopoly market model in which consumers 
of a commodity are distributed uniformly on a segment of the real line, and the two 
firms supplying this commodity are located at fixed places (their shops) on the segment. 
Each consumer demands one unit of the commodity and must go to a shop, thereby 
incurring a fixed cost of c  for each unit of distance moved. Therefore, the consumers 
will go to the nearest shop when the two firms charge the same price. Firms aim to set 
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their prices to attract more customers and consequently to earn more profits. In this 
model, it is possible to interpret the commodity to be differentiated according to the 
coordinate of the real line (the location of the consumers), t∈ . 

Our formulation of commodity differentiation, however, follows Lancaster (op.cit.) 
and Rosen (op.cit.). According to them, consumers are assumed to obtain their utility 
not directly from the commodity itself, but from the commodity’s characteristics 
exactly as in this paper. They assumed that there exist two (indexes of) characteristics 
and that the space of the commodity characteristics is a compact subset of T  of 2

 . 
In particular, in the Rosen model, every characteristic t T∈  has its own “price” ( )p t , 
although it is not revealed in the market; only the commodities—rather than their 
characteristics—are traded in the market. Rosen called ( )p t  the hedonic price (the 
title of his paper) of characteristic t . 

Mas-Colell [25] and Jones [26] generalized these ideas of commodity differentiation 
into an abstract concept that treats the differentiated commodity as a measure (distri- 
bution) m  on a compact metric space T . The measure m  is a countably additive 
and real valued set function on T , meaning that for each set (precisely each “measur- 
able” set) B , ( )Bm  is a real value interpreted as an amount of the commodity m , 
that contains a portion B T⊂  of the characteristics. Countable additivity means that 

( ) ( )1 1i i iiB B∞∞
= =

∪ = ∑m m  for all countably many pairwise disjoint iB s. 
In this definition, the commodities are set functions, not simply functions, as in our 

present paper. Mas-Colell justified this concept by saying “the choice problem [of the 
differentiated commodities model] is not typically how much of each (perhaps indivi- 
dually insignificant) commodity [characteristic] to buy, but which commodity to buy.” 
We agree that the measures are conceptually more appropriate than the functions. 
However, there are mathematically formidable complications in the commodity space 
of the measures, and the paper of Mas-Colell is very difficult to digest. Jones (op.cit.) 
simplified Mas-Colell’s proof considerably. Khan-Suzuki [27] further elaborated these 
works. 

4.2. Relation with Monopolistic Competition 

The competitive equilibrium presented in this paper can be interpreted as a 
monopolistically competitive equilibrium in the long run. For simplicity, consider the 
one consumer economy of the example in Section 2.2. 

If the firm t  behaves monopolistically, it does not take the price ( )p t  as given, 
but uses the true (inverse) demand function ( ) ( )( ) ( )p t t w x tβ ω=  to compute profit. 
Substituting this into the profit function ( ) ( ) ( ),t t tt p t f z wzπ ω= − , with  
( ) ( ),t tx t f z ω= , yields ( ) ( )( )tt w t zπ β ω= − . The maximum profit is equal to 0, 

rather than ( )w tβ ω . This will be explained as follows. To maximize the profit, firm 
t  must set 0tz = , or leave the market, in which case profit is ( ) 0tπ = . Consequently, 
( ) ( )0, 0x t f ω= = . However, this situation is unstable because ( )p t = +∞  for 
( ) 0x t = , which implies that a firm supplying something earns an infinite profit. Then, 

the firm enters the market, and sets ( )tz tβ ω=  (any other values are inconsistent 
with profit maximization). The resulting profit is equal to 0, and this is a mono- 
polistically competitive equilibrium that is stable in the long run. Because  
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( ) ( )( ) ( ) ( ), 1,x t f t f tβ ω ω ω β ω= = , the monopolistically competitive equilibrium 
coincides with the competitive equilibrium. This is exactly what we wanted to show. 

5. Conclusions 

In this paper, we have considered a theoretical model in which the external increasing 
returns increase the productivity of firms that produce products which are the charac- 
teristics of differentiated commodities. We have demonstrated that such a market 
model is compatible with competitive equilibrium, and even with Pareto optimality. 

The external increasing returns are essentially a type of positive externality that 
works outside markets through the background institutions of societies. Romer’s 
“knowledge spillover effect” is an example of a positive externality. We can also include 
educational systems, as workers’ skills gained through education contribute signifi- 
cantly to a firm’s productivity. These institutions organize participants’ activities, inte- 
grating them such that they can contribute to the whole economy (and society). When 
the institutions work well, society behaves reciprocally and is well ordered. Adam Smith 
recognized reciprocity occurring within the division of labor in pin factories and placed 
these observations at the start of his book, suggesting its importance; his true motive 
was not to promote unrestricted laissez-faire. 

Neoclassical economic theory has emphasized the efficiency of markets, realized 
through the price mechanism. It has been inclined to shun externalities as a cause of 
market failures. The presence of external increasing returns, however, supports an 
opposing view that highlights the significance of background institutions. We must 
bear in mind that economies do not simply work through market mechanisms; they 
must be supported by various institutions, both social and political. Unlimited laissez- 
faire is not appropriate, so it is essential to establish effective institutions that facilitate 
reciprocity in societies. 

Finally, we point out some open questions that remain unanswered in regard to our 
model. The first issue is our restriction of utility functions in order to compute exact 
formulae. Obviously, proving the existence of equilibria in a general setting is the first 
task for pure theorists. Moreover, we may ask if we can obtain any general results 
concerning optimality. The welfare formulae seem to suggest that the optimal states are 
“on a knife edge” and are attained “by accident.” If so, can this be stated more precisely? 
In other words, can the “size” of the optimal states in an appropriate parameter space 
be estimated? The second issue is the incompleteness of our formulation for the 
production process of differentiated commodity bundles as final outputs. As stated 
above, the theoretical status of industry j  was “fictitious,” and thus a precise and 
complete description of it is strongly desired in future work. 
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